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We calculate magnon lifetime in an easy-plane ferromagnet on a tetragonal lattice in transverse
magnetic field. At zero temperature magnons are unstable with respect to spontaneous decay into
two other magnons. Varying ratio of intrachain to interchain exchanges in this model we consider
the effect of dimensionality on spontaneous magnon decay. The strongest magnon damping is found
in the quasi-one-dimensional case for momenta near the Brillouin zone boundary. The sign of a
weak interchain coupling has a little effect on the magnon decay rate. The obtained theoretical
results suggest possibility of experimental observation of spontaneous magnon decay in a quasi-one-
dimensional ferromagnet CsNiF3. We also find an interesting enhancement of the magnon decay
rate for a three-dimensional ferromagnet. The effect is present only for the nearest-neighbor model
and is related to effective dimensionality reduction in the two-magnon continuum.
PACS numbers: 75.10.Jm, 75.30.Ds, 75.50.Dd
I. INTRODUCTION
Magnons are commonly viewed as bosonic quasiparti-
cles with integer spin Sz = 1. This is certainly true for
isotropic ferromagnets, which were originally treated by
Felix Bloch in his seminal paper.1 In the isotropic case
the total spin (magnetization) is conserved and magnon
interaction in an isotropic ferromagnet amounts to simple
particle-particle scattering or four-magnon processes.2,3
In the presence of magnetic anisotropy, e.g., dipolar
or single-ion, the total spin is no longer conserved and
definite spin of a magnon ceases to exist as well. As
a result, additional three-particle interaction terms ap-
pear in the magnon Hamiltonian.2,4 Spin waves in an-
tiferromagnets have no definite value of Sz even in the
isotropic case since the quantum ground state is now a
superposition of states with different total spins.5 Still
three-magnon processes appear only in noncollinear an-
tiferromagnetic structures with completely broken spin-
rotational symmetry,6,7 whereas magnon-magnon inter-
actions in collinear antiferromagnets are represented by
particle non-conserving four-magnon processes.3,8
A special role of three-magnon dipolar processes for
spin relaxation in ferromagnets was recognized already
in the early works.4,9,10 Besides that three-particle pro-
cesses may produce a spectacular quantum effect: spon-
taneous magnon decay, which leads to a finite magnon
lifetime even at T = 0.11 Theoretical predictions
of spontaneous magnon decay were made for dipolar
ferromagnets,12–14 for easy-plane ferromagnets,15,16 and
various noncollinear antiferromagnets, see literature cited
in Ref. [11]. At the moment there are only a few ex-
perimental evidences of spontaneous magnon decay.17–20
Therefore, a natural question to ask theoretically is what
are the physical conditions that can enhance the magnon
decay rate. In the present work we focus on the role
of low dimensionality in the magnon decay and specifi-
cally consider whether the decay rate is enhanced in the
quasi one-dimensional (1D) geometry. This question was
previously studied in the context of quantum disordered
magnets,21 but has not so far been investigated for or-
dered magnetic systems. Our study is motivated, in part,
by a prominent example of quasi-1D easy-plane ferromag-
net CsNiF3.
22 We investigate the feasibility of observa-
tion of spontaneous magnon decays in inelastic neutron
scattering experiments on this material. The paper is
organized as follows. In Sec. II we formulate the spin
model and give necessary details of the 1/S spin-wave
expansion. Sections III and IV are devoted to the dis-
cussion of the magnon damping in the quasi-1D and the
3D case, respectively. Section V considers the case of a
weak antiferromagnetic coupling between ferromagnetic
chains and Sec. VI gives our conclusions.
II. MODEL
We consider a Heisenberg ferromagnet with the easy-
plane single-ion anisotropy described by the spin Hamil-
tonian
Hˆ = −J‖
∑
i
Si · Si+1 − J⊥
∑
〈ij〉
Si · Sj
+D
∑
i
(Szi )
2 −H
∑
i
Szi . (1)
The nearest-neighbor exchange interactions consist of
coupling J‖ along chains parallel to the z-axis and inter-
chain coupling J⊥. Without loss of generality, we con-
sider a square-type arrangement of chains in the x–y
plane, see Fig. 1. The choice J‖ ≃ J⊥ corresponds to a 3D
ferromagnet, J‖ ≫ J⊥—to a quasi-1D magnet, whereas
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FIG. 1: (Color online) Sketch of the unit cell of a tetragonal
ferromagnet with nearest-neighbor exchange interactions (left
panel) and its Brillouin zone with notations for high symmetry
points (right panel).
for J‖ ≪ J⊥ a quasi-2D case is recovered. Quasi-1D fer-
romagnetic material CsNiF3 has a significant easy-plane
anisotropy with D ≈ 0.32J‖.22 Motivated by this ex-
perimental example we fix in the following D ≡ 0.3J ,
where J is the largest of the two exchange constants
J = max(J‖, J⊥). Since we are interested in the behav-
ior of high-energy magnons with εk ∼ J‖ we are justified
to neglect the much weaker dipolar interactions in the
Hamiltonian (1).
We investigate the transverse field geometry with ex-
ternal field applied along the hard axis and the ferromag-
netic magnetization tilted from the easy plane by angle
θ:
sin θ =
H
Hc
, Hc = 2DS . (2)
Above the critical field Hc the ordered moments become
completely aligned with the hard axis. Note, that the
critical field does not depend on the ferromagnetic ex-
changes in (1). As a result, the strength of the three-
magnon vertex stays remains unchanged under variation
of J⊥/J‖, see Eq. (5) below, and the magnon damping at
fixed H solely depends on the magnon dispersion εk and
its dimensionality.
To study excitations in the model (1) we use the trans-
formation from spins to bosons introduced by Holstein
and Primakoff.2 As usually, the Holstein-Primakoff trans-
formation is applied in the local frame such that the lo-
cal z-axis is collinear with a spin on a given site. After
performing a few standard steps11,16 including expansion
of square roots and subsequent Fourier and Bogolyubov
transformations of magnon operators one obtains a spin-
wave Hamiltonian structured in powers of 1/S:
Hˆ =
∑
k
εkb
†
kbk +
1
2
∑
k,q
Vk,q
[
b†qb
†
k−qbk + h.c.
]
+ ... (3)
Here the magnon energy is εk = O(S), the three-
particle (cubic) vertex responsible for spontaneous de-
k
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q
V
∗
k,qVk,q
k
FIG. 2: (Color online) The self-energy diagram corresponding
to the considered two-magnon decay process.
cays is Vk,q = O(S
1/2) and ellipsis stand for the higher
order terms.
An explicit expression for the harmonic magnon energy
is
εk = 2S
√
Ak(Ak+D cos2θ), γk =
1
2
(cos kx+ cos ky),
Ak = J‖(1− cos kz) + 2J⊥(1− γk). (4)
The decay vertex is given by
Vk,q = D
√
S
2
sin 2θ
(
gk,q,q′ + fq,q′,k + fq′,q,k
)
, (5)
where q′ = k - q, f1,2,3 = (u1+v1)(u2u3+v2v3), g1,2,3 =
(u1 + v1)(u2v3 + v2u3), and uk, vk are the Bogolyubov
coefficients:
u2k − v2k = 1, 2ukvk = −DS cos2 θ/εk.
Note, that the vertex (5) has a nonmonotonous de-
pendence on magnetic field: Vk,q ∝ H
√
H2c −H2, re-
sulting in a strongest amplitude for magnon decay at
H/Hc = 1/
√
2.
For a weakly interacting magnon gas, the magnon de-
cay rate is given by the imaginary part of the self-energy
diagram shown in Fig. 2 and coincides with the Fermi’s
golden-rule expression:
Γk =
pi
2
∑
q
V 2k,q δ(εk − εq − εk−q) . (6)
The two-magnon decay processes for easy-plane ferro-
magnets were theoretically studied in Refs. [15,16]. Their
appearance is determined by two conditions:11 (i) pres-
ence of the cubic vertex in the magnon Hamiltonian (3),
which is a direct consequence of the fully broken spin-
rotational symmetry for a state with tilted magnetiza-
tion, and (ii) fulfillment of the energy conservation con-
dition for the two-magnon decays:
εk = εq + εk−q, (7)
where the harmonic magnon energy (4) can be safely used
due to smallness of quantum effects in ferromagnets. The
same kinematic conditions allow also three-magnon de-
cays, which are present in an easy-plane ferromagnet al-
ready in zero field.16 The amplitude of these processes is,
however, rather small as they correspond to higher-order
31/S terms of the spin-wave expansion and we shall not
consider them in the following.
Since the cubic vertex (5) depends only on D and H ,
the effect of dimensionality on the magnon decay rate (6)
in anisotropic ferromagnet is present only via the varying
dispersion εk. The two-dimensional case was investigated
in detail in our previous work.16 In the following sections
we calculate the magnon decay rate (6) for quasi-1D and
3D cases.
III. QUASI ONE-DIMENSIONAL CASE
We begin the analysis of the magnon decay for J‖ ≫
J⊥ by treating analytically the case of long-wavelength
magnons. In this limit the decay rate can be calculated
perturbatively because of smallness of interaction among
low-energy excitations and due to reduction of the phase-
space volume available for decay processes. Note that
at small momenta k, q ≪ 1, the decay vertex (5) has
the standard “hydrodynamic” form Vk,q ∝
√
kqq′. As
a result, the long-wavelength excitations exhibit a usual
3D asymptote Γk ∝ k5 for the decay rate,11 because the
dispersion εk is eventually three dimensional. Therefore,
the proper question to be addressed analytically is how
the coefficient in the k5-law depends on a small parameter
J⊥/J‖.
An analytical derivation of the low-energy asymptote
for Γk closely follows a similar computation for 2D or 3D
magnetic system with three-particle vertices.11 Below we
present only the essential steps. Expanding (4) in small
k one obtains
εk ≈ c
√
k2z + jk
2
⊥
[
1 + αk2z
]
, (8)
c = S cos θ
√
2DJ‖ , α = J‖/(4D cos
2 θ)− 1/24 ,
where j = J⊥/J‖ and k
2
⊥ = k
2
x + k
2
y. Strictly speaking,
the above expression for α looses its validity for kz ≪ k⊥.
However, as we shall see shortly, the region of interest in
the quasi-1D case is k⊥ ≪ kz , which justifies Eq. (8).
Selecting the momentum of an incident magnon on the
z-axis, k = (0, 0, k), we obtain in the same approximation
εk − εq − εk−q ≈ − cjk
2qz(k − qz)
(
q2⊥ − q20
)
, (9)
where q20 = 6αq
2
z(k − qz)2/j. Substituting (9) into the
expression for the decay rate (6) and performing separate
integration of q⊥ and qz we obtain the following long-
wavelength asymptote in the quasi-1D case
Γk = a
J2‖
J⊥
tan2 θ k5 , (10)
where a dimensionless constant is a ∼ 10−3 and θ is
the canting angle (2). In a 3D case for J‖=J⊥ a similar
computation yields15
Γk =
3J‖
160pi
tan2 θ k5 . (11)
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FIG. 3: (Color online) Decay rate for magnons in a quasi-1D
ferromagnet for momenta along the ΓZ direction for differ-
ent J‖/J⊥ (legend) and H/Hc =0.75. Inset shows the field
dependence of the peak in Γk near the Z-point.
Thus, in the quasi-1D case the damping of acoustic
magnons is inversely proportional to a small J⊥ and is,
therefore, parametrically enhanced compared to damp-
ing of acoustic magnons in 3D. We have verified such an
enhancement by a direct numerical integration of Eq. (6).
Figure 3 shows the magnon decay rate (6) evaluated
numerically at representative field value H/Hc =0.75 in
the ΓZ direction. The curves correspond to three J‖/J⊥
ratios portraying crossover from a strong J‖/J⊥ = 100 to
a weak J‖/J⊥ = 10 quasi one-dimensionality. The two
curves corresponding to J‖/J⊥ = 50, 100 exhibit large
peaks in Γk near the Brillouin zone boundary, which
originate from a 1D Van Hove singularity in the spec-
trum. A more detailed structure of this peak on the in-
set illustrates the role of 3D coupling, which cuts off the
square-root divergence of the peaks and restores a 3D
Van Hove singularities at the boundary of the decay re-
gion and for the saddle points in the continuum. Similar
3D Van Hove singularities are also prominent for small
momenta towards the Γ point. Importantly, the height
of the peak in Γk near the Z-point decreases rapidly as
the magnon dispersion becomes more and more 3D. This
demonstrates that the decays along ΓZ direction in the
Brillouin zone are most prominent for the quasi-1D case.
The magnetic field dependence of the magnon damp-
ing in the region, where Γk is largest, is illustrated on
the inset of Fig. 3. One can see a nonmonotonous
field dependence of the peak height: Γk is smallest at
H/Hc = 0.5, it is largest at H/Hc = 0.75, while it again
goes down at H/Hc = 0.9. Such a behavior is related
to the field dependence of the decay vertex (5), which
is zero at H = 0 and H = Hc and has a maximum at
H/Hc = 1/
√
2 ≈ 0.707.
4IV. THREE-DIMENSIONAL CASE
Spontaneous magnon decays for a 2D easy-plane fer-
romagnet in transverse magnetic field were studied in
our previous work.16 In particular, the decay rate Γk ex-
hibits logarithmic peaks, which are determined by saddle-
point Van Hove singularities in the two-magnon density
of states. Changing the type of anisotropy, exchange
versus single-ion, has no significant effect on the decay
dynamics. Taking into account 1D (Sec. III) and 2D
results16 one can speculate that the magnon decay in 3D
shows no major enhancement and, thus, should be small
compared to low dimensional magnets.
To study the magnon damping in 3D we fix the ex-
change ratio to J‖/J⊥ = 1 as an example. It is instructive
to consider in this case magnons with momenta belong-
ing to the cubic diagonal, the ΓA direction. Numerical
results for Γk along this axis look very similar to Fig. 3
including a surprisingly high peak near the A point. A
zoom into this region is shown in Fig. 4 for different val-
ues of an applied magnetic field. The overall shape of nu-
merical data is qualitatively similar to the results shown
on the inset of Fig. 3 for the quasi-1D case. The peak in
Γk is most prominent for H/Hc > 0.75, while at smaller
fields it is much less pronounced. The arrows show the
magnon decay boundaries, obtained from the kinematic
condition εk = 2εk/2, see further details in Ref. [11]. The
above fact actually means that the predominant decay
channel for a magnon in the vicinity of the damping peak
is a decay into two magnons with equal momenta lying on
the same cubic diagonal. With increasingH the decay re-
gion extends further towards the A point, k0 = (pi, pi, pi),
the two magnons emitted in a decay process become close
to k0/2. A remarkable property of the nearest-neighbor
magnon dispersion (4) near k0/2 is that εk is almost per-
fectly flat with the exception of a few special directions.
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FIG. 4: (Color online) Decay rate for magnons in a 3D fer-
romagnet (J⊥/J‖ = 1) with momenta along the ΓA direction
for different magnetic fields (figures near curves). Vertical ar-
rows mark the magnon decay boundaries k∗, obtained from
the kinematic condition εk = 2εk/2.
Such an effective dimensionality reduction is responsible
for the enhanced two-magnon density of states (DOS),
which in turn leads to large values of the magnon decay
rate (6).
To check the above scenario for the magnon damping
enhancement in 3D case we calculate the two-magnon
DOS:
N2(k, ω) =
∑
q
δ(ω − εk/2+q − εk/2−q) . (12)
At H = Hc the DOS exhibits a delta-peak for k = k0.
Indeed, in that case the magnon energy (4) is given by
a sum of the cosine harmonics. For k = k0 one has
cos(k0/2+q)→ sin q and the sum of two magnon energies
on the r.h.s. of (12) yields a constant. Hence,
N2(k0, ω) = δ(ω − εk0) , εk0 = 2J0S , (13)
where J0 = 2J‖ + 4J⊥. For H . Hc, we expand
E(k0,q) = εk0/2+q − εk0/2−q in small q as follows
E(k0,q) ≈ 2S
√
J0JD
[
1− a2q
(JD − J0)2
2J2DJ
2
0
]
, (14)
JD = J0 + 2D cos
2 θ , aq = J‖qz + J⊥(qx + qy) .
The dependence of E(k0,q) on q enters only via a lin-
ear combination aq (14). Thus, neglecting higher-order
terms one finds an effective 1D dispersion of the decay
surface E(k0,q) = ω. As a result, an integration of the
delta-function in Eq. (12) generates a conventional 1D
square-root Van Hove singularity in the DOS:
N2(k0, ω) ≃ 1
cos θ
√|ω − 2εk0/2| . (15)
At H = Hc (θ = pi/2) the square-root peak transforms
into the delta-peak discussed above. Note also, that
εk0 < 2εk0/2 for H < Hc with the equality (signifying
a fulfilment of the kinematic decay condition) reached
only at H = Hc. The above analytical results for DOS
can be compared with the direct numerical evaluation of
(12) presented in Fig. 5.
For small departures from k0 point, H < Hc, the
two-magnon energy E(k,q) acquires full dispersion on
components of q and the Van Hove singularity (15) is
smeared. Still, an enhanced DOS at the former peak po-
sition survives for a range of values of k. As an illustra-
tion Figure 5 shows the numerical result for k = (3, 3, 3)
at H = 0.9Hc. A remnant peak in DOS (mind the log-
arithmic scale in Fig. 5) leads to a stronger decay rate
Γk once magnetic field approaches Hc and magnons with
momenta close to k0 become unstable.
V. ANTIFERROMAGNETIC INTERCHAIN
COUPLING
As was mentioned in the Introduction, our study is
in a large part motivated by the quasi-1D ferromagnet
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FIG. 5: (Color online) The two-magnon density of states for
different values of magnetic field (figures near curves) and
J‖/J⊥ = 2. Curve for H/Hc = 0.9 and k0 = (3, 3, 3) is shown
for comparison.
CsNiF3.
22 Magnetic Ni2+ ions (S = 1) are arranged
in this material in a hexagonal lattice with a ferro-
magnetic exchange J‖ ≈ 24 K along the c-axis and an
antiferromagnetic interchain coupling |J⊥/J‖| ∼ 10−2.
The strength of the single-ion anisotropy in CsNiF3 is
D ≈ 8 K. The antiferromagnetic transition in CsNiF3
takes place at TN = 2.5 K, however, magnetic mo-
ments on adjacent chains do not form the 120◦ structure
with the propagation wave-vector (1/3, 1/3, 0) expected
for a triangular geometry, but rather order collinearly
with Q = (1/2, 0, 0).23 The collinear order has been ex-
plained by a competition between the antiferromagnetic
exchange and the long-range dipolar interactions.24 In
this Section we consider the effect of the sign on an inter-
chain coupling on the magnon decay in quasi-1D chains.
We shall use a simplified model (1) with J⊥ < 0 assuming
a tetragonal arrangement of chains and neglecting dipolar
interactions. In this model, spin chains are still ordered
ferromagnetically while an ordering between chains is de-
scribed by the wavevector Q = (pi, pi, 0) and corresponds
to a two sublattice antiferromagnetic structure.
We again assume that an external magnetic field is
oriented along the hard axis. Theoretical calculations in
this case become very similar to the spin-wave theory for
a Heisenberg square-lattice antiferromagnet.7,25 The two
magnetic sublattices tilt from the easy plane by an angle
θ
sin θ =
H
2S(D+ 4|J⊥|) . (16)
In contrast to the ferromagnetic case (2), the critical field
Hc = 2S(D+4|J⊥|) depends on an antiferromagnetic ex-
change J⊥. After performing a standard spin-wave cal-
culation, see Sec. II, we obtain the magnon energy
εk = 2S
√
Ak(Ak +D cos2 θ − 4|J⊥|γk cos2 θ) ,
Ak = J‖(1− cos kz) + 2|J⊥|(1 + γk) . (17)
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FIG. 6: (Color online) Comparison of magnon decay rates
for ferromagnetic (FM, J⊥ > 0, solid line) and antiferromag-
netic (AFM, J⊥ < 0, dashed line) for H/Hc = 0.8. Left
column - ΓZ direction, right column - MA direction. The ra-
tios |J⊥/J‖| are 10
−3 (upper panels), 10−2 (middle panels),
and 10−1 (lower panels).
Due to a staggered canting of spins in the antiferromag-
netic structure the three-particle term in (3) contains now
q′ = k− q+Q instead of k− q. The explicit expression
for the decay vertex is
Vk,q =
√
2S sin θ cos θ
(
gk,q,q′ + fq,q′,k + fq′,q,k
)
, (18)
where f1,2,3 = λ1,2,3(u1 + v1)(u2u3 + v2v3), g1,2,3 =
λ1,2,3(u1 + v1)(u2v3 + v2u3), and λk = D − 4J⊥γk.
The magnon decay rates for ferromagnetic (J⊥ > 0)
and antiferromagnetic (J⊥ < 0) sign of the interchain
coupling are compared in Fig. 6. The presented results
illustrate a crossover from an extreme |J⊥/J‖| = 0.001
to a moderate |J⊥/J‖| = 0.1 quasi one-dimensionality.
Plots in the left column show Γk for momenta on the
ΓZ-line, while the right column corresponds to the MA
cut, which includes the antiferromagnetic vector Q =
(pi, pi, 0), see Fig. 1 for the notations. For a very weak in-
terchain coupling |J⊥/J‖| = 10−3, there is no significant
difference in the magnon damping Γk between two signs
of J⊥ and also between two lines. Overall, Γk exhibits
the same behavior as results in Fig. 3 calculated for dif-
ferent values of magnetic field. In particular, high peaks
are present near the BZ boundary for both lines, ΓZ and
MA.
Some differences start to develop for |J⊥/J‖| ∼ 0.01
and become quite significant at |J⊥/J‖| ∼ 0.1. The
magnon dispersion between chains becomes more sub-
stantial and plays a more prominent role in the energy
conservation. As a result, for the ferromagnetic inter-
chain coupling J⊥ > 0, a stronger magnon damping
with two characteristic peaks is present for magnons on
the MA-line, whereas Γk on the ΓZ-line is significantly
smaller for J⊥/J‖ = 0.1. For the antiferromagnetic in-
terchain coupling J⊥ < 0, one can observe an opposite
6tendency. In fact, there is a remarkable mirror symmetry
between plots on the left and on the right with simulta-
neous sign change of J⊥. It is related to the fact that the
position of the acoustic magnon branch alters its place
between ΓZ- and MA-line with the sign reversal. Over-
all, most favorable conditions for observing spontaneous
magnon decay, i.e., large Γk for extended region in the
momentum space, are found for |J⊥/J‖| = 0.01, a value
close to exchange ratio in CsNiF3.
VI. CONCLUSIONS
In summary, magnetic excitations in an easy-plane
ferromagnet placed in a transverse magnetic field be-
come intrinsically damped at T = 0 due to two-magnon
decays.15,16 We have studied the effect of dimensionality
on the magnon decay rate for such an ordered magnetic
system. For weak interchain coupling the decay rate Γk
is strongest in the vicinity of the Brillouin zone boundary
exhibiting a peak Γk ∼ 0.4–0.7J‖. Such a peak is related
to the 1D-like Van Hove singularity in the two-magnon
density of states and its height needs to be compared
to the characteristic energy of magnons at the Brillouin
zone boundary εk = 4J‖S. For S = 1/2 and S = 1 the
decay rate is a sizeable fraction of the magnon energy.
Therefore, spontaneous magnon decays can be observed
in the neutron-scattering experiments as a significant line
broadening of the zone boundary magnons. In particu-
lar, our results for a model system (1) with ferromagnetic
spin chains, which are weakly coupled antiferromagneti-
cally, indicate that the spontaneous magnon decay should
be prominent in the quasi 1D easy-plane ferromagnet
CsNiF3.
22
Somewhat surprisingly, we have found a large decay
rate Γk also in a 3D case J⊥ ∼ J‖ for certain magnon mo-
menta k. The increase in Γk is again rooted in the two-
magnon density of states N2(k, ω), see Eq. (12), which
develops a peak due to a very weak q-dependence of the
two magnon energy εk/2+q+εk/2−q. The latter property
is a consequence of the exchange coupling only between
the nearest neighbors. Being a model assumption this
property is nevertheless satisfied with good accuracy in
many magnetic insulators.
Overall, we conclude that lower dimensionality has
a pronounced effect on spontaneous magnon decay by
means of an enhanced two-magnon DOS. In the quasi-
1D limit, the Van Hove singularities in the DOS become
largest and correspond to a strong damping of magnons
in the vicinity of the decay threshold boundary. Thus,
small shift in the k-space may lead to striking changes in
the behavior of the corresponding magnon modes. Our
theoretical results call for inelastic neutron-scattering
measurements of magnon lifetime in spin-chain materi-
als. Materials with ferromagnetic chains are, especially,
suitable for such experiments since the required magnetic
fields H ∼ max{D, J⊥} can be rather small and the ef-
fect of magnon decay can be clearly distinguished from
the spinon physics, which is present for antiferromagnetic
chains.
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